The development of linear elastodynamics in pure stress-based formulation began over half-a-century ago as an alternative to the classical displacement-based treatment that came into existence two centuries ago in the school of mathematical physics in France. While the latter approach -fundamentally based on the Navier displacement equation of motionremains the conventional setting for analysis of wave propagation in elastic bodies, the stress-based formulation and the advantages it offers in elastodynamics and its various extensions remain much less known. Since the key mathematical results of that formulation, as well as a series of applications, originated with J. Ignaczak in 1959 and 1963, the key relation is named the Ignaczak equation of elastodynamics. This review article presents the main ideas and results in the stressbased formulation from a common perspective, including (i) a history of early attempts to find a pure stress language of elastodynamics, (ii) a proposal to use such a language in solving the natural traction initial-boundary value problems of the theory, and (iii) various applications of the stress language to elastic wave propagation problems. Finally, various extensions of the Ignaczak equation of elastodynamics focused on dynamics of solids with interacting fields of different nature (classical or micropolar thermoelastic, fluid-saturated porous, piezoelectro-elastic) as well as nonlinear problems are reviewed.
Early attempts to find a pure stress language of elastodynamics
Elastodynamics is a part of mechanics of continua that deals with the propagation of waves in elastic media. It covers a theory of such waves and various applications to engineering structures, medicine, seismology, space technology, to name a few. Conventionally, linear elastodynamics (and its various generalizations) have been based on the Navier displacement equation of motion ever since Navier's formulation of the general theory of elasticity in 1821. As an alternative approach, in the 1950s and 1960s, a pure stress-based formulation was developed. Since the entire theory and the advantages it offers over conventional displacement-based elastodynamics are much less known, this article presents the main ideas and results from a unified perspective. Since the key mathematical results of that formulation, as well as a series of applications, originated with J. Ignaczak in 1959 and , the key relation has already been named the Ignaczak equation of elastodynamics (see equation (22) 
below).
We begin the survey with a history of early attempts to find a pure stress language of elastodynamics, followed by a proposal to use such a language in solving the natural traction initial-boundary value problems of the theory, an account of various applications of the stress language to elastic wave propagation problems, and numerous extensions to inelastic, nonlinear, and coupled field problems.
In isothermal elastodynamics, the time-dependent stress field corresponding to a solution of the mixed initial-boundary value problem is characterized by a single tensorial equation. This fact implies a number of results that have not been obtained using the displacement language, such as the convolutional variational principles in terms of stresses, the reciprocity theorem and integral representations of stress fields, a domain of influence theorem for the stress equations of elastodynamics, Galerkin-type tensor solution of elastodynamics, tensorial classification of elastic waves, and a theory of the stress acceleration waves. Additional topics include a theory of surface stress waves propagating in an inhomogeneous isotropic elastic half-space as well as a theory of surface stress waves propagating in an inhomogeneous transversely isotropic elastic half-space.
The linear isothermal elastodynamics is described by a system of time-dependent field equations subject to suitable initial and boundary conditions related to a body transmitting elastic waves. If the indicial notation in Cartesian coordinates is used, the relations that define a problem of the isothermal elastodynamics take the form [1] [2] [3] :
-strain-displacement relations
-equations of motion
-stress-strain relations
or, equivalently,
-initial conditions
-displacement boundary condition
-traction boundary condition S ij n j =p i on ∂B 2 × ½0, '):
Equations (1)- (7) describe a mixed initial-boundary value problem of elastodynamics for an inhomogeneous anisotropic body, whereby the following notation is used: B is a region of space occupied by the body, and ½0, ') is the time interval. The functions u i , E ij , and S ij , in this order, denote the displacement, strain, and stress fields on B × ½0, '); r is the mass density field on B; F i is the body force field on B × ½0, '), and n j in equation (7) stands for the unit outward normal to ∂B. In equations (3) and (4), C ijkl and K ijkl , respectively, denote the elasticity and compliance tensor fields on B; u i in equation (5) are prescribed vector fields on B, whileû i andp i are prescribed vector fields on ∂B 1 × ½0, ') and ∂B 2 × ½0, '), respectively, where ∂B = ∂B 1 [ ∂B 2 and ∂B 1 \ ∂B 2 = ;. The Latin subscripts have the range of the integers (1, 2, 3) , and summation over repeated subscripts is implied, and the parentheses on the index level in equation (1) indicate the symmetric part of the displacement gradient. In addition, the tensors C ijkl and K ijkl satisfy the relations
as well as the symmetry relations
Ostoja-Starzewski
Also note that, for an isotropic elastic body, the equations (3) and (4), respectively, take the form
and
where l and m stand for the Lame´moduli that satisfy the inequalities
An elastic wave propagating in B is identified with a triplet of functions ½u i , E ij , S ij that satisfy equations (1)- (7) . Studies of elastic waves reported so far in the literature cover particular geometries of B, particular inhomogeneity fields r and/or C ijkl , and particular initial-boundary data. One of the methods of obtaining such particular solutions is based on a displacement language of elastodynamics in which a solution to a particular mixed problem is reduced to the solution of a mixed problem in terms of the displacements only (see Theorem 3.3 in Gurtin [1] ).
On the historical side, attempts to introduce a stress language into elastodynamics as an alternative to the displacement one, have failed, except for one-dimensional space case [4] ; these efforts have been restricted to a homogeneous and isotropic body. The field equations (1), (2) , and (12) for a homogeneous isotropic elastic solid take the form
S ij, j + F i = r € u i , S ij = S ji on B × ½0, '), ð15Þ
where r,l, and m are constant. By eliminating u i and E ij from equations (14)- (16) the following stress equations of motion are obtained
In [5] , Ignaczak showed that the field equations (14)- (16) imply the dynamic stress compatibility equations of Beltrami-Michell type
where
Thus, equations (18) represent the stress equations of motion that are necessary, besides the equations (17) , for the stress field S ij to belong to elastodynamics for a homogeneous isotropic body. Now, equations (17) were obtained, apparently for the first time, by Iacovache [6] and independently by Valcovici [7] . While clearly equations (17) are the necessary conditions for a stress field to belong to the isothermal elastodynamics for a homogeneous isotropic body, neither of these works proved that equations (17) constitute the sufficient conditions for a stress tensor field to belong to elastodynamics. Another attempt to introduce the pure stress language into elastodynamics was made by Radok [8] with restriction to a homogeneous isotropic body under plane strain conditions, showing that three stress equations of motion are necessary but not sufficient to find the stress field corresponding to a solution of a two-dimensional (2D) problem.
For an infinite body subject to the homogeneous initial conditions, equations (18) were integrated by the integral transform technique, and an analytical solution was obtained for an arbitrary body force field F i on a compact support on E 3 × ½0, ') [5] . Also, Teodorescu [9] obtained equations (18) for F i = 0 but gave no proof that equations (18) with F i = 0 are sufficient to characterize an isothermal elastodynamics in terms of stresses.
We end this section with a note that the pure stress treatment of elastodynamics proves useful not only in providing a new interpretation of the results obtained by the displacement method but also for obtaining results whose derivation using the displacement language is unwieldy or impossible. Regarding the language, sometimes, the equations of motion involving S ij, j and € u i are incorrectly called ''the stress equations of motion'' [10, 11] .
Pure stress language of elastodynamics due to Ignaczak
This section deals with the question as to what system of stress equations of motion alone one can use to be sure that all fundamental field equations of the isothermal elastodynamics are satisfied. The problem amounts to a pure stress characterization of the theory, or to the introduction of a pure stress language into linear elastodynamics.
In the previous section, two different systems of stress equations of motion are obtained from the governing equations (14)- (16) : equations (17) and (18) . Each of these systems is necessary for a stress field to belong to isothermal elastodynamics for a homogeneous isotropic body. A proof of ''sufficiency'' for one of the two systems of stress equations of motion is a key to a pure stress characterization of waves propagating in a homogeneous isotropic elastic body.
For an inhomogeneous anisotropic elastic body, elimination of u i and E ij from equations (1), (2) , and (4) leads to the Ignaczak equation of elastodynamics in the form similar to that of equations (17):
The sufficiency of equations (22) for a body subjected to homogeneous initial conditions and traction boundary condition has been proved [4] , relying on an observation that the displacement u i obeying equations (1)- (7), subject to the conditions
can be defined in terms of a stress field S ij by the formula
where g = g(t) = t on ½0, ') and
Here, Ã is a convolution product on the t-axis, i.e., for arbitrary two functions a = a(x, t) and
An extension of the sufficiency to the mixed problem of equations (1)- (7) is due to Gurtin [1] :
The tensor field S ij is a stress field corresponding to a solution of the mixed problem if and only if
where, for every (x, t) 2 B × ½0, '),
If a solution S ij to the pure stress problem of equations (26)- (28) is obtained, the displacement field u i is calculated from
and the strain tensor field E ij is obtained by use of equations (1) and (30) . In this sense, equations (26)- (28) constitute a complete characterization of the isothermal elastodynamics in terms of stresses [12] . Note that the problem of equations (26)- (28) stands for the mixed boundary value problem with a convoluted form of the field equations. Such a form is useful in formulating the convolutional variational principles in terms of stresses. To obtain a uniqueness theorem in terms of stresses only, or to find a solution to particular traction problems, this equivalent form of Theorem 1 for a traction initialboundary value problem, involving the field equations (22) , is useful: Theorem 2. The tensor field S ij is a stress field corresponding to a solution of the traction problem if and only if
where the tensorial fields S (0) ij and _ S (0) ij are given by
To wind up this section we note that among many peculiarities of linear elastodynamics that do not belong to elastostatics is the fact that, in the dynamic case, the displacement vector field has been defined twice by the strain tensor field: the first definition is given by equation (24) in which the stress tensor is calculated by equation (3) , and the second one follows from equation (1) which is treated as a partial differential equation (PDE) of the first-order for a displacement vector when the strain tensor is prescribed. Compatibility of these two definitions leads us to the stress equations of motion (equation (22)). In the static case, only equations (1) define a displacement vector field provided a strain tensor field is prescribed.
Uniqueness for a traction initial-boundary value problem in terms of stresses only
The uniqueness theorem is a well-known result of the isothermal elastodynamics, and it asserts that there is at most one solution ½u i , E ij , S ij to the mixed problem of equations (1)-(7) (see Gurtin [2] , p. 222). In this section, we prove a uniqueness theorem for a traction problem in which the initial stress and stressrate fields are not necessarily of the form of equation (34) and without making use of the kinetic and strain energies which are introduced in the conventional proof of uniqueness.
Theorem 3. Let S ij satisfy the stress equations of motion (equation (31)) subject to the initial conditions (equation (32) ) and the traction boundary condition (equation (33)), and suppose that S (0) ij and _ S (0) ij are prescribed arbitrary symmetric second-order tensor fields on B, while F i andp i are prescribed vector fields on B × ½0, ') and ∂B × ½0, '), respectively. Moreover, suppose that
Then there is at most one tensor field S ij on B × ½0, ') that satisfies equations (31) and the conditions of equations (32) and (33) .
The proof of Theorem 3 is based on the global energy conservation law associated with the homogeneous traction problem [4] ð
Note that Theorem 3 holds true for the case when S (0) ij and _ S (0) ij are arbitrary symmetric second-order tensor fields on B, not necessarily defined in terms of the vector fields u i according to equations (34) [13, 14] . In particular, Theorem 3 is valid for the elastodynamics of bodies with initial defects in which the fields E (0)
kl do not satisfy the compatibility conditions of linear elastostatics on B.
Relations between the stress and displacement equations of elastodynamics for a homogeneous isotropic body
In this section a problem is raised as to what extent the dynamic stress equations of Beltrami-Michell type (equation (18) ) are useful for the study of elastic waves propagating in a homogeneous isotropic body. An answer to the problem is contained in the following: Theorem 4. Let S ij satisfy the dynamic stress equations of Beltrami-Michell type with F i = 0
and, in addition, let
Then, for a body subject to homogeneous initial conditions, the vector field u i given by
satisfies the displacement equation of motion (Navier equation)
The proof is given by Ignaczak [4] . Note that equation (39) is a contraction of equation (17) at F i = 0. Also, it follows from Theorem 4 that equations (38) and (39) should prove useful to solve particular traction problems of elastodynamics for a bounded homogeneous isotropic body subject to homogeneous initial conditions.
Applications of the stress language of isothermal elastodynamics
In this section, a number of general theorems, as well as solutions to particular problems of isothermal elastodynamics in terms of stresses, are presented.
Convolutional variational principles in terms of stresses
The convolutional variational principles in terms of stresses for the mixed and traction problems, based on Theorem 1, are due to Gurtin [1] . The principle related to the traction problem reads:
Theorem 5. Suppose tractions are prescribed over the entire boundary. Let K be a linear space of all symmetric second-order tensor fields that satisfy the traction boundary condition; see equation (33) . Let S ij 2 K, and for each t 2 ½0, ') define the functional G t fÁg on K through
if and only if S ij is a stress field corresponding to a solution of the traction problem. (In equation (43),
Note that the stress principle in the form of Theorem 5 covers the natural traction problems with stress-free boundaries. In particular, it may be useful in a numerical study of non-periodic in-time stress surface waves propagating in an inhomogeneous anisotropic elastic body of arbitrary shape with traction-free boundary, in which the surface waves are produced by a prescribed symmetric secondorder tensor field g 0 (i, j) of a compact support on B × ½0, '). This principle has been used [15, 16] to formulate a finite element stress method of elastodynamics. Note: there also exists a principle characterizing the mixed problem.
Theorem 5 can be extended to include the isothermal elastodynamics for a body with continuously distributed defects by replacing g 0 (i, j) by a prescribed second-order symmetric tensor field B ij of a compact support on B × ½0, ') accounting for such defects ( [3] , p. 327). The hypothesis of a compact support of the external load makes Theorem 5 applicable to seismology in which the surface waves propagating in a bounded body B are produced by an unknown load distributed over a bounded interior of B the diameter of which is much smaller than that of B.
Note that an extension of Theorem 5 to linear isothermal viscoelastodynamics, in the form of a variational principle for dynamic creep problems in terms of stresses, was given by Leitman [17] .
Reciprocity theorem and integral representations of stress fields of elastodynamics
The results of this section are restricted to the traction problem for an inhomogeneous anisotropic elastic body subject to the arbitrary initial stress and stress-rate fields.
A stress field S ij satisfying the field equations (31) subject to the initial and boundary conditions of equations (32) and (33) , respectively, with the arbitrary initial stress and stress-rate fields (equations (32)), is said to be of S-type. With such a definition we have the following Theorem 6. Let S (1) ij and S (2) ij be two different tensor fields of S-type [18] . Then the following integral relation holds true
where Ã indicates the convolution product on the t-axis. This theorem is complementary to Graffi's reciprocal theorem of linear elastodynamics [3] ; it can be used to find S (2) ij if S (1) ij is properly selected. Now, let S (2) ij = S ij satisfy equations (31)- (33) and let S (1) ij = S kl ij (x, j; t) satisfy the following tensorial equation
subject to the conditions
Then equation (44) implies
A solution S kl ij = S kl ij (x, j; t) to the problem of equations (45)- (47) is a tensorial Green's function for the traction problem (equations (31)- (33)) and S kl , in the form of equation (49), is an integral representation of a solution to the traction problem in terms of the Green's tensor field on B × ½0, ') when B is a bounded body.
Another integral representation of S ij is obtained in terms of a tensor Green's function G kl ij on
, where E 3 stands for an infinite body. To this end, we define G kl ij = G kl ij (x, j; t) as a solution to the tensor field equation
subject to the initial conditions
and suitable vanishing conditions at infinity. Then, by virtue of Theorem 6, a solution to the traction problem for a body subject to the homogeneous initial conditions is represented by
The integral representation of equation (52) can be used to find S im, m on ∂B × ½0, ') through the integral equation method [19] . Once S im, m on ∂B × ½0, ') is found, the field S kl given by equation (52) represents a solution to the traction problem.
A domain of influence theorem for the stress equations of elastodynamics
For the traction problem (equations (31)- (33)) restricted to an inhomogeneous isotropic elastic body the following theorem holds true [20] :
Theorem 7. Let S ij be a solution to the traction problem of equations (31)- (33) restricted to an inhomogeneous isotropic elastic body in which the density r = r(x) and the Lame´moduli l = l(x) and m = m(x) satisfy the inequalities
Let D Ã t denote a support of the external load for a given time t:
Let D t denote a domain of influence of the external load at time t for the traction problem (equations (31)-(33)) defined by
where S ct (x) stands for an open ball of radius ct and the center at x, and c is the velocity given by
The proof is based on an extended energy balance law associated with the problem of equations (31)- (33) [21].
A Galerkin-type tensor solution of elastodynamics
A general Galerkin-type solution to the stress equations of motion is described by [22] :
Theorem 8. Consider a homogeneous isotropic elastic body occupying a region B. Let S ij be a tensor field defined by
where x ij is a symmetric second-order tensor field that satisfies the equations
Then S ij satisfies the stress equations of motion (see equation (17)):
Here, n is Poisson's ratio related to l and m by
and the wave operators h 2 a (a = 1, 2) are defined by
The solution of equations (60)- (62) is complete in the sense given in:
Theorem 9. Let S ij be the solution of equation (63) subject to the homogeneous initial conditions
Then there exists a symmetric second-order tensor field x ij on B × ½0, ') satisfying equations (60)- (62) . Note that the tensor solution S ij is expressed by the auxiliary tensor field x ij which, in addition to the bi-wave tensor equation (61) , satisfies equation (62) of the compatibility type.
3.5 A tensorial classification of elastic waves 3.5.1 Stress progressive waves. A classification of plane progressive stress waves propagating in a homogeneous anisotropic infinite elastic body is due to Ignaczak and Rao [23] . A plane stress wave is decomposed into ''normal'' and ''tangential'' parts with respect to the wave front in such a way that: (i) both parts can propagate with the same velocity, (ii) the stress energy of the wave is represented by a positive difference between ''normal'' and ''tangential'' stress energies, and (iii) a pure ''tangential'' stress wave cannot propagate; the decomposition follows [24] . The classification is consistent with, and complementary to, that of the displacement progressive waves, at least for the homogeneous isotropic and transversely isotropic elastic media, and provides a number of new properties of the plane progressive waves in a general anisotropic homogeneous elastic body.
Stress acceleration waves.
A theory of stress acceleration waves propagating in an inhomogeneous anisotropic elastic body B was developed in [25] . The theory is related to a smoothly propagating surface W in E (4) × ( À ', + '), such that for any j (4) = (x, t) 2 W there exists a four-vector field m (4) = (m, À c) which is normal to W and satisfies the conditions m j j= 1, c . 0. The vector field m and scalar field c . 0 are the direction of propagation and speed of propagation of W, respectively.
We call W a singular surface of order zero with respect to a second-order symmetric tensor field T ij on B × ½0, ') if T ij is continuous on B × ½0, ')À W and T ij suffers a jump discontinuity across W. The jump in T ij across W is then the function T ij on W defined by
Thus, the jump in T ij is the difference between the value of T ij just behind and immediately in front of W. We call W a singular surface of order n ! 1 with respect to T ij if T ij is class C nÀ1 on B × ½0, ') and class C n on B × ½0, ')À W, and the derivatives of T ij of order n suffer jump discontinuities across W.
A stress acceleration wave propagating in B is defined as a symmetric second-order tensor field S ij on B × ½0, ') such that W is a singular surface of order 2 with respect to S ij , and S ij satisfies the stress equations of motion
The jump of € S ij across W, denoted here by k € S ij k, is called the amplitude of stress acceleration wave. The stress acceleration wave S ij is said to be ''normal'' or ''tangential'' with respect to the propagating surface W according to as k € S ij k is normal or tangent to W. It has been shown [25] that the laws of propagation of a stress acceleration wave are similar to those of a plane stress progressive wave; in particular, it was shown [25] that a pure normal stress acceleration wave exists if and only if
and a pure tangent stress acceleration wave cannot propagate throughout B; in the above equation e ijk is the three-dimensional (3D) alternator. Note that the results on the stress progressive and acceleration waves have not been obtained by the displacement method and, in this sense, they are complementary and shed light on the results obtained in linear elastodynamics by other methods.
Eigenproblem of elastodynamics in terms of the stress amplitudes
A theory of harmonic vibrations embedded in a space of complex-valued symmetric second-order tensor fields is due to Ignaczak [26] . It covers the following eigenproblem:
Find a non-vanishing tensor field S ij = S ij (x, l) on B × S satisfying the equation
as well as the boundary condition
with l a parameter. In equations (71)- (74), S and T are the linear partial differential operators defined on a space of complex-valued symmetric second-order tensor fields S ij = S ij (x, l) on B × S, where S is a set of complex-valued numbers such that the operator (S À l T ) À1 fails to exist. (The tensor field S ij = S ij (x, l) on B × S should not be confused with a real-valued symmetric second-order stress field S ij on B × ½0, ') introduced in the mixed problem of elastodynamics in Section 1).
If a solution ½S ij , l to the eigenproblem of equations (71)- (74) is found, a real-valued solution to the stress equations of motion describing harmonic vibrations of an inhomogeneous anisotropic elastic body with the traction-free boundary and corresponding to zero body forces is obtained by taking the real part of the tensor field
The results in [26] include: (i) the basic properties of solutions ½S ij , l to the eigenproblem of equations (71) and (72) such as the orthogonality of two eigentensors and the estimates of an eigenvalue l for an inhomogeneous isotropic elastic body in terms of the eigenvalues for homogeneous isotropic elastic bodies, and (ii) an iterative method of obtaining ½S ij , l for an inhomogeneous isotropic elastic body as a limit of the sequence ½S (n) ij , l (n) satisfying a sequence of the eigenproblems for n homogeneous isotropic elastic bodies as n ! '.
Saint-Venant's principle of elastodynamics in terms of stresses
A dynamic counterpart of the classical Saint-Venant's principle for a semi-infinite, inhomogeneous, isotropic, elastic cylinder, in terms of stresses, was first given by Ignaczak [27] . In the following, a dynamic Saint-Venant's principle (DSVP) in terms of stresses is presented that improves the result of [27] . A semi-infinite, inhomogeneous, anisotropic elastic cylinder, denoted by B, has a constant cross-section, is aligned with the axis k, has the end face C 0 , and any intersection of B by a plane perpendicular to k at any distance l from C 0 is denoted by C l . Also, a semi-infinite cylinder with the end face C l is denoted by B(l).
To state the principle, we assume the body forces to be absent and that the initial conditions are
the boundary conditions
and the asymptotic conditions ð
Here n i stands for the outer unit normal to the surface and p i = p i x, t ð Þ is a prescribed load. The mass density and compliance fourth-order tensor fields satisfy the inequalities
where r m and r M denote the minimum and maximum of r = r x ð Þ on B, respectively, while k m and k M denote the minimum and maximum of K ijkl = K ijkl x ð Þ on B, respectively. The Saint-Venant's principle is stated as [3] : Theorem 10. Let S ij (x, t) be a solution to the problem described by the equation (22) with F i = 0 and equations (76)-(80). Define the total stress energy associated with the solution and stored in the semiinfinite cylinder B(l) over the time interval ½0, t by
Then, there exists a positive constant c of the velocity dimension such that, for any l . 0, the following estimates hold true:
Observe that this result is consistent with the Theorem 7 and, for t . l=c, is similar to the classical SaintVenant's principle giving an exponential decay of elastic energy away from the end load. Also, a characteristic feature of the dynamic principle is that the time-dependent end load complies with the global dynamic equilibrium conditions: the resultant force and the resultant moment of the end tractions are equilibrated by the total acceleration force and the total acceleration moment of the cylinder, respectively, for every t . 0. In the static case, the end load is time-independent and self-equilibrated. A comprehensive review of dynamic end effects in elastic structures has recently been given in [28] .
Stress equations of motion of non-isothermal elastodynamics

Characterization of dynamic uncoupled thermoelasticity in terms of stress and temperature
The relations that define a traction problem of non-isothermal elastodynamics for an inhomogeneous anisotropic elastic body subject to the temperature difference T (x, t) = u(x, t) À u 0 , where u = u(x, t) is the absolute temperature field on B × ½0, ') and u 0 . 0 is a reference temperature, take the form:
-stress-strain-temperature relations
or, equivalently, -strain-stress-temperature relations
-traction boundary condition
In equations (88) and (89), respectively, we have
where M ij and L ij stand for the stress-temperature and thermal expansion tensor fields on B that satisfy the relation
The tensor fields S A ij and E A ij are also called an actuation stress field and an associated strain field, respectively. Elimination of u i and E ij from equations (86)-(93) leads to:
Theorem 11. The tensor field S ij is a stress field corresponding to a solution of the traction problem of non-isothermal elastodynamics for an inhomogeneous anisotropic body if and only if
For a homogeneous isotropic body
where a t is the coefficient of thermal expansion, and the following theorem holds true:
Theorem 12. The tensor field S ij is a stress field corresponding to a solution of the traction problem of non-isothermal elastodynamics for a homogeneous isotropic body if and only if [29] (
where S (0) ij and _ S (0) ij are prescribed symmetric second-order tensor fields on B, while F i andp i are prescribed vector fields on B × ½0, ') and ∂B × ½0, '), respectively. Also, the field equations (86)-(89), in the setting of a homogeneous isotropic solid, imply the stress compatibility equations of Beltrami-Michell type of the non-isothermal elastodynamics
Note that equations (103) and (104) represent an extension of equations (18) and (19) such that they include the prescribed temperature difference field on B × ½0, ') (see also [30] ). In most applications of the stress-temperature equations of non-isothermal elastodynamics, the temperature difference field T is a solution to the parabolic heat conduction equation on B × ½0, ') subject to suitable initial and boundary conditions.
Body force analogy in the framework of stress equations of non-isothermal elastodynamics
The body force analogy between a solution to the traction problem of non-isothermal elastodynamics and a solution S (f ) ij to the traction problem of isothermal elastodynamics is due to Irschik and Gusenbauer [31] . This wave front analogy reads [3] :
Theorem 13. Let S ij be a solution to the traction problem of non-isothermal elastodynamics (see equations (95)-(97)):
Let S (f ) ij be a solution to the traction problem of isothermal elastodynamics
Then a unique solution S ij to the traction problem of non-isothermal elastodynamics described by equations (95)-(97) can be obtained by finding a unique solution S (f ) ij to the traction problem of isothermal elastodynamics described by equations (108)-(111).
The body force analogy covers the 3D traction problem of non-isothermal elastodynamics for an inhomogeneous anisotropic elastic body subject to the homogeneous initial conditions. The analogy was further developed by Irschik et al. [32] . Furthermore, in [33] a 2D version of the analogy for an inhomogeneous anisotropic infinite cylinder under plane strain conditions is obtained.
Surface stress waves propagating in an inhomogeneous isotropic elastic half-space
Use of the stress equations of motion to study the propagation of surface waves in an inhomogeneous isotropic elastic half-space was proposed in [34] . The case studied dealt with a half-space under plane strain conditions in which the density r was constant while the shear modulus m and Poisson's ratio n depended on the depth of half-space. The problem was reduced to a nonlinear eigenproblem for a linear fourth-order ordinary differential equation for the stress amplitude normal to the boundary of halfspace. A closed-form solution to the nonlinear eigenproblem was given for a half-space in which r and m were constant, and Poisson's ratio n was a monotonic function of the depth of half-space.
In the following, the results of [34] are outlined and a number of extensions such as the general theorems on surface stress waves propagating in an inhomogeneous isotropic elastic half-space, and a solution to the surface stress wave problem for a half-space in which the density r and Poisson's ratio n are constant while the shear modulus m is a monotonic function of the depth of half-space, are presented.
Surface wave problem for an inhomogeneous isotropic elastic half-space under plane strain conditions in terms of stresses
The 2D stress equations for an inhomogeneous isotropic elastic half-space subject to plane strain conditions in which the density r, and the Lame´moduli l and m depend on the depth of half-space, written in a dimensionless form read (see [34] with r = 1):
In equations (112) all quantities are dimensionless. In particular, S ab = S ab (x, t), x = (x 1 , x 2 ), t ! 0; r, l, and m are dimensionless; they are denoted by the same symbols as the dimensional ones. The functions r, l, and m are material parameters that depend on x 2 in such a way that
where k = k(x 2 ) is the bulk modulus defined in terms of l and m by
By a surface stress wave propagating in the half-space along the x 1 -direction and decaying as x 2 ! ' we mean a solution S ab to the homogeneous equations (112) of the form
subject to the homogeneous boundary conditions
and the vanishing conditions at infinity
The wave period is 2p=p, the wavelength is 2p=s, and the velocity of propagation is c R = p=s, while a = a(x 2 ), b = b(x 2 ), and g = g(x 2 ) are amplitudes of the stress components S 11 , S 22 , and S 12 , respectively. Clearly, the existence of a surface stress wave means that there is a triplet of functions (a, b, g) on ½0, ') such that S ab of the form in equation (117) satisfies the field equations (112) subject to the conditions of equations (118) and (119). If r = 1, the following holds true:
Theorem 14. If r = 1, then the problem of finding a solution S ab of the form of equation (117) to the stress equations of motion (equation (112)) subject to the homogeneous boundary conditions of equations (118) and the vanishing conditions at infinity (equation (119)) can be reduced to the nonlinear eigenproblem for the stress amplitude normal to the boundary of half-space. Find a non-vanishing pair ½b(x 2 ), c R satisfying the homogeneous relations
and the homogeneous conditions: D k b(') = 0 for k = 0, 1, 2, .N with N finite. Here
in which n(x) and m(x) are Poisson's ratio and the shear modulus, respectively. The eigenvalue c R corresponding to the eigenfunction b = b(x) on ½0, ') is to be identified with a Rayleigh velocity. The proof follows by substituting equation (117) into equation (112) and omitting the exponential factor, then leading to three linear ordinary differential equations with variable coefficients for a = a(x 2 ), b = b(x 2 ), and g = g(x 2 ). Next, by eliminating a = a(x 2 ) and g = g(x 2 ), from these equations, the following relations are obtained
where b = b(x 2 ) satisfies equation (120).
Note that the eigenproblem of equations (120) and (121) is nonlinear in that the fourth-order ordinary differential operator defined by equation (120) and the third-order ordinary differential boundary operator (equation (121)) are linear, while the nonlinearity enters the eigenproblem through the coefficients of both operators. Also note that the fourth-order ordinary differential operator is singular one for k(x) = 1, O(x) = 1, and O(x) = 2. Also, for arbitrary smooth functions l = l(x 2 ) and m = m(x 2 ) that satisfy the inequalities of equations (114) and (115), the fourth-order ordinary differential operator has not been factorized into a product of two second-order ordinary differential operators corresponding to the propagation of the longitudinal and transverse waves in a homogeneous isotropic elastic half-space up to date. Theorem 14 reveals that for an isotropic elastic half-space x 2 . 0 with constant density and arbitrary smooth functions l = l(x 2 ) and m = m(x 2 ) on ½0, '), the stress equations of motion can be separated in a class of solutions of the form of equation (117).
As far as the existence of a surface stress wave of the form of equation (117) in a half-space, in which the density and shear modulus are constant while Poisson's ratio is an arbitrary smooth function of the depth of half-space subject to the inequality À1\n(x 2 )\1=2, x 2 2 ½0, ') is concerned, a result due to Klecha [35] should be mentioned that there exists at least one solution to the eigenproblem of equations (120) and (121).
Also, for the variation of n = n(x 2 ) in the form
a closed-form solution to the eigenproblem was obtained [34] . A solution to the eigenproblem of equations (120) and (121) is more involved for the case of a halfspace in which the density and Poisson's ratio are constant, while the shear modulus is an arbitrary smooth function of the depth of half-space complying with the inequalities of equation (114) only. A series solution to the eigenproblem (equations (120) and (121)) is given by Rao [36] for the case when m = m(x 2 ) is the monotonic function of x 2 :
This has been accomplished by a transformation of the eigenproblem (equations (120) and (121)) to the one with polynomial coefficients for which a series solution is obtained. To this end, we divide equation (125) by m ' and putting u = m(x 2 )=m ' ; u 0 = m 0 =m ' , we obtain
Regarding z = 1 À u as a new variable and putting 1 À u 0 = A, from equation (126) we obtain
Since in the interval 0 x 2 ', the function u = u(x 2 ) varies from u 0 to 1 and the semi-infinite interval 0 x 2 ' transforms into the finite interval
the eigenproblem (equations (120) and (121)) can be reduced to the following problem for an eigenpair ½ b(z), d:
In equations (129) and (130) b(z) = b(x 2 (z)) and A i , B i , C i , D i , E i ; F, and G are given functions that depend on the parameters d and l defined by
and now the operator D stands for the derivative with respect to z
By postulating a solution to the eigenproblem (equations (129) and (130)) in the series form
in which b n and r are to be found, four linearly independent solutions of the form of equation (133) and the ''period equation'' which determines the possible values of d and hence the eigenvalues c R are obtained in [36] . A numerical analysis of the period equation reveals the dispersion of a surface stress wave of the form of equation (117) in the isotropic elastic half-space in which the density and Poison's ratio are constant while the shear modulus m = m(x 2 ) is given by equation (125). Note that the series solution to the surface wave problem for an inhomogeneous isotropic elastic half-space with m = m(x 2 ) given by (125) has not been obtained by use of the displacement language of elastodynamics.
To complete this section, we list the results related to the stress characterization of surface waves propagating in an inhomogeneous isotropic or transversely isotropic elastic half-space under plane strain conditions:
(1) Separation of the stress equations of motion for an inhomogeneous isotropic elastic half-space, when r, l, and m are arbitrary smooth functions of the depth of half-space restricted only by the inequalities of equations (113)-(115) in a class of solutions of the form of equation (117) (see [37] ). (2) Existence and analyticity theorems for a surface wave problem described by equations (112)-(119) (see [38, 39] ). (3) Closed-form dispersion relations corresponding to propagation of a surface stress wave in an inhomogeneous transversely isotropic elastic half-space [40] when the half-space: x 1 j j\', 0\x 3 \' is orthogonal to the rotational symmetry x 2 -axis, while the density r is constant and elastic moduli c 11 , c 33 , c 44 , and c 13 depend on x 3 in such a way that the shear modulus m (23) in the plane of isotropy (x 2 , x 3 ) varies as
while the shear modulus m (13) in the plane normal to the plane of isotropy varies as
and the remaining engineering elastic moduli, expressed in terms of c 11 , c 33 , c 44 , and c 13 , are constant. In equations (134) and (135), m
' , m
0 , m
' , e 1 , and e 2 are positive parameters. The dispersion relations obtained in [40] complying with the hypothesis of a smooth inhomogeneity of a transversely isotropic elastic half-space throughout the infinite body have not been obtained by the displacement method of elastodynamics.
(4) Stress characterization of elastodynamics for an inhomogeneous transversely isotropic infinite cylinder under plane strain conditions [41] , accommodating 18 types of the surface stress wave problems corresponding to 18 suitably oriented in the Cartesian coordinate system half-spaces made of transversely isotropic functionally graded materials along their depth and subject to plane strain conditions.
Axially symmetric surface waves propagating in inhomogeneous isotropic elastic half-space in terms of stresses
First, the axially symmetric stress equations of motion are obtained by eliminating the kinematic fields from appropriate field equations of elastodynamics in cylindrical coordinates (r, f, z). As a result, four stress equations for the four non-vanishing stress components S rr , S ff , S zz , and S rz that depend on (r, z; t) are obtained. An axially symmetric stress surface wave propagating in the half-space z . 0 in the r -direction and decaying as z ! ', with an inhomogeneity depending on the depth of half-space, is then postulated in the form
Here, a, b, g, and d are unknown functions of z, while J 0 (j r) and J 1 (j r) are Bessel functions of order zero and one, respectively; j is a parameter of dimension inverse length and p of inverse time; a phase velocity is defined by c R = p=s. By substituting equation (136) into the axially symmetric stress equations of motion and eliminating a = a(z), b = b(z), and d = d(z) in terms of g = g(z), a solution to the axially symmetric surface wave problem is reduced to that of the eigenproblem for a linear ordinary differential equation of the fourth-order with variable coefficients for g = g(z), similar to the eigenproblem of equations (120) and (121). The eigenproblem stress method was used by Goda to obtain a series solution to the axially symmetric Lamb's problem for an inhomogeneous isotropic elastic half-space in which the density and Poisson's ratio are constant while the shear modulus varies as
The interaction of the surface stress waves with the body waves in the Lamb's problem was examined by Goda [42] .
Classical and non-classical coupled dynamic thermoelasticity
An extension of the stress characterization of isothermal elastodynamics includes classical and nonclassical dynamic thermoelasticity in which the elastic field ½u i , E ij , S ij interacts with the thermal field ½u, h, q i , where u, h, and q i are the temperature, entropy, and heat flux fields, respectively. In particular, the extension includes: (i) the stress-temperature convolutional principle of classical dynamic thermoelasticity [43] and the related principle of non-classical dynamic thermoelasticity [44] ; (ii) the stress-heat flux convolutional principle of classical dynamic thermoelasticity [45] and its extension to non-classical dynamic thermoelasticity [46] ; (iii) the stress-temperature domain of influence theorem of non-classical dynamic thermoelasticity [46] and the theorems on existence and continuous dependency on data for non-classical dynamic thermoelasticity in terms of ½S ij , q i [47] [48] [49] . The global balance laws of classical and non-classical dynamic thermoelasticity in terms of ½S ij , u and ½S ij , q i have been obtained in [50] .
Micropolar isothermal elastodynamics and thermoelastodynamics
A micropolar isothermal elastodynamics is an extension of classical elastodynamics to include an array of functions ½u i , f i , G ij , K ij ; S ij , M ij in which u i and f i are the displacement and rotation vector fields, respectively; G ij and K ij are the asymmetric second-order strain and micro-strain tensor fields, respectively; while S ij and M ij are the asymmetric second-order force-stress and couple-stress tensor fields, respectively [51, 52] . The two extensions of the stress characterization of isothermal elastodynamics should be mentioned: (i) an extension of Theorem 2 on the traction problem of classical elastodynamics in terms of a single stress field to the traction problem of micropolar elastodynamics in terms of the force-stress and couple-stress fields [53] ; and (ii) a characterization of the 2D and axially-symmetric traction problems of micropolar elastodynamics in terms of the force-stress and couple-stress fields [52] . As far as the micropolar thermoelastodynamics is concerned, the stress-temperature characterization of a mixed 3D initial-boundary value problem [54] and the stress-temperature characterization of the initial-boundary value problem involving the traction-temperature boundary conditions [55] , should be mentioned.
Elastodynamics of solids with continuously distributed defects
Theorem 3 of Section 2 holds true for the arbitrary initial stress and stress-rate fields S (0) ij and _ S (0) ij , respectively, on B. If S (0) ij and _ S (0) ij are selected in such a way that the tensor fields E (0)
kl do not satisfy the compatibility conditions of linear elastostatics, respectively,
and e ijk e lmn _ E (0)
then Theorem 3 admits the initial defects throughout the body B. In the present section, a physical interpretation of the initial defects and of the space-time defects that are continuously distributed over B × ½0, ') is given, along with a number of extensions of Theorem 3 to the elastodynamics of a body with such defects [56] . In the following, isothermal elastodynamics with continuously distributed defects is called ECDD. The fundamental system of field equations of ECDD consists of [57, 58] : -the compatible kinematic relations
-the complementary kinematic relations
-the equations of motion
-and the constitutive relations
In equations (140) u (142) denote the density and body force vector fields; while S ij stands for the stress tensor field. Moreover, the fourth-order tensor fields C ijkl and K ijkl have the same meaning and satisfy the same restrictions as those of classical elastodynamics without defects.
In addition, the field quantities in equations (140)- (143) satisfy certain smoothness conditions that in the following allow us to define other fields of ECDD and formulate a number of extensions of Theorem 3 to ECDD. Before such extensions are given, the existence of u T i subject to suitable compatibility conditions and a relation of ECDD to the theory of defects in a continuum due to Kro¨ner are presented [59] . To this end, let us first note that if equations (140) 
The ordered arrays of functions ½E
l are called, respectively, the total, elastic, and plastic fields of ECDD. In general, the elastic and/or plastic fields do not satisfy compatibility conditions of the form of equations (144) and (145), i.e., they are not derivable from a displacement vector field. The plastic fields may then be introduced arbitrarily into the body in which case they determine a defect density and a current density in the body [57, 58] . The defect density is represented by the dislocation density a ij and the disclination density u ij that are defined by
while the defect current is given by the dislocation current J ij . The latter and the disclination current L ij are defined by
Thus, the defect densities and currents give a measure of the deviation of the plastic fields from compatibility.
It follows from equations (140), (141), and (144)- (147) that the tensor fields E ij and _ E ij satisfy the incompatibility conditions e pmk e qnl E kl, mn =À h pq ,
where h pq is the incompatibility tensor field defined in terms of the plastic tensor field E P pq by h pq =À e pmk e qnl E P kl, mn :
Therefore, in ECDD the incompatibility tensor and the incompatibility-rate tensor fields are determined by the plastic strain and the plastic strain-rate fields, respectively. A physical interpretation of the defects of ECDD, based on equations (146) and (147), indicates that ECDD accommodates the dislocation, disclination, and current fields continuously distributed on B × ½0, '). To formulate an extension of Theorem 3, in addition to the prescribed fields in equations (140)- (143), we assume that the following data are given: total initial displacement u T i (x) for x 2 B, total initial velocity _ u T i (x) for x 2 B, and surface tractionp i on ∂B × ½0, '). Given these data, the traction problem of ECDD consists in finding an array of functions ½u T i , v i , w i ; E ij , K ij , S ij that satisfy the field equations (140)-(143) on B × ½0, ') subject to the initial conditions
and the traction boundary condition
Clearly, a solution of the traction problem can be found if the total displacement u T i , satisfying the field equations (140)-(143) and the initial-boundary conditions (equations (150) and (151)), is available. A representation of u T i in terms of S ij is described by the following: Theorem 15. Let f k be a vector field on B × ½0, ') defined by
where Ã stands for the convolution product on the t-axis. Then u T k is a total displacement field of ECDD if and only if
Proof of this theorem is similar to that of classical elastodynamics without defects. Next, by eliminating u T i , E ij , K ij , v i , and w i from equations (140)- (143) the stress equations of motion of ECDD are obtained
The following theorem covers the stress characterization of the traction problem. 
Proof of Theorem 16 is similar to that of classical elastodynamics without defects, and can safely be omitted. Theorem 16 is useful in a number of applications; the following two cases should be mentioned:
(i) When the fields S (0) ij and _ S (0) ij , in this order, are solutions to the eigenstress and eigenstress-rate problems of elastostatics with continuously distributed defects.
(ii) When the data of Theorem 16 accommodate those of a seismic theory in which a dislocation discontinuity and an earth-fault are modeled by the limits of smoothly distributed defects.
Stress waves in a micro-periodic layered elastic half-space
A pure stress characterization of one-dimensional waves propagating in a micro-periodic layered halfspace using an average elastodynamics is now presented following [60] [61] [62] . The field equations of the one-dimensional theory in the x-direction that is normal to the layering take the form [63] :
-h-approximation of the displacement field
-constitutive relations
Equations (158)- (160) are obtained by averaging the one-dimensional field equations of classical elastodynamics for a half-space composed of an infinite number of suitably bonded two-layer homogeneous isotropic elastic subunits periodically arranged in the x-direction when the period l of a subunit is small. The function h = h(x) is a dimensionless oscillating periodic function on ½0, '), with period l that coincides with the thickness of a subunit, which satisfies the conditions
for any function f = f (x) on ½0, ') of the form
where f 1 and f 2 are constant (f 1 6 ¼ f 2 ), and for any function F = F(x) on ½0, l the symbol \F . represents the mean value of F on ½0, l
In addition, the function h = h(x) satisfies the asymptotic condition
If l is small, the function h = h(x) represents a micro-periodic shape function. Other symbols in equations (158)- (160) have the following meaning. In equation (158) the functions u = u(x, t), U = U (x, t), and V = V (x, t), respectively, denote the total displacement, macro-displacement, and displacement corrector in the x-direction. In equations (159) and (160) the functions S = S(x, t) and H = H(x, t) denote the total stress and body force in the x-direction, respectively; also L = l + 2m, where l and m are the Lame´mod-uli, and r is the density. The subscripts in equations (159) and (160) indicate partial derivatives. By eliminating the functions U, V, and H from equations (159) and (160), the stress equation of motion is obtained
Clearly, c has the dimension of velocity, and O has the dimension of frequency, i.e.,
where L and T stand for the length and time units, respectively; and [.] is the dimension of a physical quantity. As a result, for the micro-periodic layered half-space subject to homogeneous initial conditions and a uniform pressure s = s(t) on its boundary x = 0, the following pure stress initial-boundary value problem is formulated:
Find a stress field S = S(x, t) on ½0, ') × ½0, ') that satisfies the field equation
and the boundary condition
where s = s(t) is a prescribed function. Moreover, the function S = S(x, t) and its partial derivatives of a finite order are to vanish as x ! ' for every t . 0. If a solution to the problem of equations (168)- (170) is found, the functions H, U, and V are computed from
Note that equations (158) and (171) provide the convolutional definition of the total displacement u = u(x, t) in terms of S = S(x, t) and H = H(x, t) analogously to that of the displacement field of classical elastodynamics (see equations (24) and (25)). Also, note that the pure stress problem (equations (168)-(170)) contains the two high-frequency parameters k and v, since by equations (164) and (166), we have
For the stress problem of equations (168) (168)-(170) admits the representation
and G = G(x, t) is Green's function for the integro-differential problem. Find a function G = G(x, t) that satisfies the integro-differential equation and g = g(x, t) is the power series of v
in which a n = a n (x, t) and b nm = b nm (x, t) are known sequences of functions defined on ½0, ') × ½0, '), and (ii) The series representation of g = g(x, t) and its partial derivatives of a finite order converge uniformly for every point (x, t) 2 (0, ') × (0, ') and for arbitrary positive parameters c, v, and k. (For proof see equations (43)- (47) in [61] .) It follows from Theorem 19 that the transient stress wave described by G = G(x, t) depends strongly on the layering period l through the frequency parameters v and k which become high as l ! 0. Another result characteristic of the one-dimensional transient stress wave propagation problem that has not been obtained before by the displacement method is contained in:
Theorem 20. (The scale-independent stress wave theorem). There is a particular system of the length and time units such that the transient stress wave described by equations (168)- (170) is independent of the layering period. (For proof see [62] .)
Elastodynamics of a homogenized solid
Theorem 1 on the stress characterization of 3D classical elastodynamics is modified in the present Section to accommodate a 3D homogenized elastodynamics. A micro-periodic inhomogeneous anisotropic elastic body B of Theorem 1 is replaced by a homogeneous anisotropic elastic body B the density and compliance tensor of which are, to some extent, equivalent to those of B; and the single tensorial field equation subject to the mixed boundary conditions for a stress field of Theorem 1 is replaced by the mean tensorial field equation subject to the mean mixed boundary conditions for a mean stress field. An idea of the homogenization, based upon expansion of a solution to the stress problem of Theorem 1 into the power series of a small parameter e . 0 when T i = e y i stands for a period of the inhomogeneity in the x i -direction, is proposed by Wojnar [64] . Here we refer to Bensoussan et al. [65] for a general theory of homogenization for PDEs with periodic coefficients.
To formulate the main result, the stress boundary-value problem of Theorem 1 is parameterized by a small parameter e . 0 in the following way. The fields r = r(x) and K ijkl = K ijkl (x), respectively, are replaced by the e y i -periodic functions r e (x) = r(x=e) and K
The e y i -periodicity means that
where y i (i = 1, 2, 3) is a given constant vector that describes an elementary cell of the body
The mean value of a function f = f (x, y; t) over Y is then defined by
The remaining data of the problem (equations (26)- (28)) of Theorem 1 are assumed to be independent of e. Clearly, with such a parameterization the solution of the parameterized problem also depends on e, and, in the sequel, it is denoted by S e ij = S e ij (x, t). Next, the parameterized problem with F i = 0 on B × ½0, ') is cast into the equivalent one in which the convolution product is left only in the displacement boundary condition (see Theorem 2 for the traction problem):
Find a stress field S e ij = S e ij (x, t) on B × ½0, ') that satisfies the equation
the initial conditions
and the mixed boundary conditions
Next, we postulate S e ij = S e ij (x, t) in the series form
and the coefficients S (k) ij are periodic in y, i.e.,
and substitute equation (190) into equation (184) and the compatibility conditions for E (0) ij and _ E (0) ij . By equating the coefficients of like powers of e to zero in the homogeneous form of the resulting equations, and eliminating S (1) ij = S (1) ij (x, y; t) and S (2) ij = S (2) ij (x, y; t) from these equations, the following field equations for \S (0) ij . (x, t) are obtained
while x mij = x mij (y) on Y is to be found from the vector field equation
subject to suitable boundary conditions of the Dirichlet or Neumann type on ∂Y . As a result, the following holds true:
ij . be the mean stress field on B × ½0, ') and suppose that \ _ S
ij . is continuous on B × ½0, '). Then \S
ij . corresponds to a solution of the mixed problem of homogenized elastodynamics if and only if
(For proof see [64] , p. 558.) Note that the stress characterization of homogenized elastodynamics relies heavily on finding the anisotropic compliance tensor K H ijkl by solving the field equation (197) subject to suitable boundary conditions for the third-order tensor field x mij = x mij (y) on Y symmetric with respect to the indices i, j and Y-periodic. Also, note that the stress characterization of homogenized elastodynamics is unique if there is a unique solution x mij to the BVP such that K H ijkl is positive definite.
Elastodynamics of a fluid-saturated porous solid
An extension of the stress language of classical elastodynamics to include a fluid-saturated porous elastic solid is now revisited [66] . The extension is based on a continuum theory of the solid due to Biot [67] in which both a solid stress S s ij and a fluid stress S f ij coexist at the same point x of the solid and for every time t ! 0. Also, the extension is restricted to a homogeneous isotropic fluid saturated elastic solid and covers uniqueness theorem for a natural stress initial-boundary value problem with arbitrary initial pairs (S 
and the traction boundary conditions (213)- (215)). Then this solution is unique.
The proof is based on an observation that a global balance law associated with the problem of equations (213)-(215) and corresponding to the homogeneous initial and boundary conditions takes the form
The hypotheses of equations (206)- (208) imply that the functions K sf = K sf (t) and P sf = P sf (t) are nonnegative for t ! 0. Therefore, equation (216) leads to
equations (219) and (220) 12. Bleustein-Gulyaev waves in inhomogeneous transversely isotropic piezoelectro-elastic half-space
Outline
It has been shown [68, 69] that there exists a shear horizontal electro-mechanical surface wave in a homogeneous transversely isotropic piezoelectro-elastic half-space x 1 j j\', 0 x 2 \' propagating along the x 1 -axis and decaying as x 2 ! '. Such a wave does not exist in a homogeneous isotropic elastic half-space. In the present section, a study of the surface waves of Bleustein-Gulyaev (B-G) type propagating in an inhomogeneous transversely isotropic piezoelectro-elastic half-space is presented in which the piezoelectric and elastic moduli are constant while the dielectric permeability depends on the depth of half-space. The study is similar to that of Section 5 in which the existence of stress surface waves in an inhomogeneous isotropic elastic half-space is reduced to that of a solution to a nonlinear eigenproblem for the stress amplitude normal to the boundary of half-space (see Theorem 14) . In the case under consideration a surface wave of B-G type is identified with a triplet of functions (S 31 , S 32 , u) in which S 3a (a = 1, 2) is the shear stress and u is the electric potential in the sagittal plane (x 1 , x 2 ); and it is shown that the existence of a stress-electric potential surface wave can be reduced to that of a solution to a nonlinear eigenproblem for the electric amplitude normal to the boundary of half-space.
First, the stress-electric potential equations of 3D piezoelectro-elastodynamics for inhomogeneous anisotropic crystal are obtained. Next, the stress-electric potential equations of 2D piezoelectroelastodynamics for inhomogeneous transversely isotropic crystal corresponding to the anti-sagittal plane elastic motions are obtained; the 2D field equations involve the constant elastic compliance modulus c 44 , the constant piezoelectricity modulus e 15 , and the modulus of dielectric permeability 2 that depends on x 2 . Next, a surface piezoelectro-elastic wave propagating in the half-space x 1 j j\', 0 x 2 \' along the x 1 -axis and decaying as x 2 ! ' is defined as a triplet (S 31 , S 32 , u) that satisfies the stress-electric potential equations for x 1 j j\', 0 x 2 \', the homogeneous boundary conditions for S 32 and u , 2 on x 1 j j\', x 2 = 0, and vanishing conditions as x 2 ! '; and by letting
, the governing equations are reduced to a system of linear ordinary differential equations with variable coefficients for the triplet (A 31 , A 32 , g) on the x 2 -axis. Then, by eliminating A 31 and A 32 from the system, obtaining the surface wave (S 31 , S 32 , u) is replaced by finding a solution to an eigenproblem for g = g(x 2 ). Finally, the main result related to the eigenproblem in the form of Theorem 23 is formulated.
The stress-electric potential equations of 3D piezoelectro-elastodynamics for inhomogeneous anisotropic medium
The fundamental system of field equations of 3D piezoelectro-elastodynamics for an inhomogeneous anisotropic medium takes the form (see [70] and [71] ) -strain-displacement relations
-electric field-potential relations
-electric induction equation
In equations (222)-(228), the triplet (u i , E ij , S ij ) represents an elastic motion of the body with the physical properties described by (r, C ijkl ) that, in general, depend on x 2 B; E i and D i denote the electric and induction vector fields, respectively, that represent a piezoelectric motion of a body with the properties (e ijk , 2 ij ) in which e ijk and 2 ij denote the piezoelectric and dielectric permeability tensor fields, respectively, depending in general on x 2 B. Clearly, the theory described by equations (222)-(228) represents the solid body in which a dynamic interaction between the elastic and electric fields takes place. By eliminating the fields u i , E ij , E i , and D i from equations (222)-(228), the stress-electric potential equations of 3D piezoelectro-elastodynamics for inhomogeneous anisotropic solid are obtained
It follows from the above equations that there is a solution (S ij , u) to equations (229) if the following integral relation is satisfied ð
where n i is the outward unit normal vector field on ∂B.
12.3 The stress-electric potential equations of 2D piezoelectro-elastodynamics for an inhomogeneous transversely isotropic medium corresponding to the anti-sagittal plane elastic motions A stress-electric potential wave propagating in an inhomogeneous transversely isotropic semi-infinite crystal x 1 j j\', 0 x 2 \', x 3 j j\' and, corresponding to the anti-sagittal plane elastic motions, is subject to the following constraints: (i) the wave is defined on the sagittal plane (x 1 , x 2 ) 8t ! 0, (ii) the displacement vector takes the form: u i = ½0, 0, u 3 T , where u 3 = u 3 (x a , t), (a = 1, 2); (iii) the electric potential takes the form: u = u(x a , t), (a = 1, 2); (iv) The electric induction vector takes the form:
, (a, g = 1, 2); (v) the elastic compliance tensor is represented by a constant modulus c 44 (see [41] , p. 41); (vi) the piezoelectric tensor is represented by a constant modulus e 15 , and (vii) the dielectric tensor is represented by the modulus 2 = 2 (x 2 ), i.e., a function of the depth of half-space.
The condition (vi) implies that the semi-infinite piezoelectro-elastic crystal belongs to the class 6 mm, i.e., the third-order tensor e ijk is represented by the matrix where i = 1, 2, 3; and A = 1, 2, 3, 4, 5, 6; and the following index correspondence is observed
and the condition (vii) means that the dielectric tensor is restricted to the form
The conditions (i)-(vii) also imply that the stress tensor S ij and the strain tensor E ij are represented by the matrices
while the electric field-potential relation takes the form
is satisfied identically due to the boundary conditions of equations (238), similarly to that given by equations (230). A solution (S 31 , S 32 , u) to the problem of equations (236)- (238), defined as a stress-electric potential surface wave propagating in the half-space x 1 j j\', 0 x 2 \' along the x 1 -axis and decaying as x 2 ! ', is postulated in the form
where (A 3a , g) represents the amplitude of the surface wave that dies off, not necessarily exponentially, as x 2 ! '. The period of the wave is 2p=p, the wavelength is 2p=s, and the velocity of propagation is c 0 = p=s. By substituting equations (240) into equations (236), the system of three linear ordinary differential equations with variable coefficients for (A 3a , g) is obtained
Finally, by eliminating A 31 and A 32 from equations (241), the fourth-order ordinary differential equation for g = g(x 2 ) is obtained
while the stress amplitudes A 31 and A 32 take the forms
As a result, the following holds true:
Theorem 23. The problem of finding a surface stress-electric potential solution (S 3a , u) of the form in equations (240) to the field equations (236) subject to the boundary conditions of equations (238) and vanishing as x 2 ! ', can be reduced to the nonlinear eigenproblem for the amplitude of an electric vector normal to the boundary of half-space: Find a non-vanishing pair ½G(x 2 ), c R that satisfies the relations
and the vanishing conditions: D k G(') = 0 for k = 0, 1, 2, . . . , N , where N is a finite natural number. Theorem 23 is similar to Theorem 14 in that both theorems deal with a surface wave propagating in the half-space x 1 j j\', 0 x 2 \' along the x 1 -axis and decaying as x 2 ! ', and each of the two waves is generated by a ''driving force'' normal to the boundary of half-space: a driving force in Theorem 14 is the stress component S 22 while a driving force in Theorem 23 is the electric field component E 2 =À u , 2 . For this reason, an extension of Theorem 14 in the form of Theorem 23 appears to be a natural one in comparison to that proposed in [72] in which the stress component S 32 plays the role of a driving force leading to a linear but cumbersome fourth-order ordinary differential equation with variable coefficients for the amplitude of S 32 .
Stress characterization of nonlinear elastodynamics
The pure stress language of linear isothermal elastodynamics has found its way to nonlinear elastodynamics only recently [73] .
Elastodynamics of a geometrically linear and physically nonlinear body
Let X 2 k R (B) denote a particle belonging to B in the reference configuration k R (B), and let x 2 k t (B) denote the position of the same particle in the current configuration k t (B), at time t. Let x = x(X, t) be a smooth mapping of k R (B) into k t (B). The displacement u, the deformation gradient F, the left CauchyGreen stretch tensor B, and the linearized strain tensor E are defined through
where F is the deformation gradient, B the left Cauchy-Green stretch tensor, and E the linearized strain tensor. The constitutive relations are postulated in the form
where T = T(x, t) is the Cauchy stress tensor, and B = B(T) is a nonlinear tensor-valued function defined on a set of symmetric second-order tensors T. In the case of isotropic bodies, B = B(T) becomes
where a 0 , a 1 , and a 2 are scalar functions that depend on the three invariants of T; the function B = B(T) satisfies the objectivity condition
for every orthogonal tensor Q.
In the case ru k k= 0(d), as d ! 0, we have B ffi I + 2E and (251) reduces to the form
where E = E(T) is a nonlinear symmetric second-order tensor valued function of T. For isotropic bodies, the constitutive relation similar to equation (252) is postulated
where g 0 , g 1 , and g 2 are scalar functions that depend on the three invariants of the Cauchy stress tensor T.
The field equations of nonlinear elastodynamics for a geometrically linear and physically nonlinear body consist now of the equations (250) 
where r is the mass density of B, and we assume that there are no body forces in the solid. By eliminating u, from equations (250) 4 and (256) we obtain the stress equations of motion of a geometrically linear and physically nonlinear elastodynamicŝ
As a result, the following traction initial-boundary value problem of elastodynamics for a geometrically linear and physically nonlinear body corresponding to homogeneous initial conditions can be formulated.
Find a solution T = T(x, t) to the stress equations of motion
and the boundary condition T(x, t) n(x, t) =t(x, t) on ∂k t (B) × ½0, ') ð260Þ wheret =t(x, t) is a prescribed vector field on ∂k t (B) × ½0, ') that satisfies the conditionŝ t(x, 0) = 0, _t (x, 0) = 0 for x 2 ∂k 0 (B)
Note that the traction problem is formulated in the current configuration k t (B), so that, in particular, the symmetrized gradientr in equations (257) and (258) involves partial derivatives with respect to x, and div is an operator with respect to x. 
Elastodynamics of a geometrically and physically nonlinear body
However, in this case, the functions u, B, and T are treated as depending on X and t; in particular, the operators r and div in equations (262) and (263) involve the partial derivatives with respect to X . By letting the homogeneous initial conditions for u be u½x(X, 0); 0 = 0, _ u½x(X, 0); 0 = 0 for X 2 k R (B),
from equation (263) we obtain
Finally, by eliminating u from equations (262) 4 and (265), the stress equations of motion are obtained:
As a result, the following pure stress initial-boundary value traction problem for a geometrically and physically nonlinear elastic body corresponding to homogeneous initial conditions can be formulated. Find a solution T to the stress equations of motion
subject to the initial conditions 
and the boundary condition T x(X, t); t ½ ð Þn x(X, t); t ½ =t(X, t) on ∂k R (B) × ½0, ') ð269Þ
wheret =t(X, t) is a prescribed vector field on ∂k R (B) × ½0, ') that satisfies the conditionŝ
A one-dimensional initial-boundary value stress problem for a specific nonlinear function B = B(T) has been solved in [73] .
Conclusion
While the theory of elastodynamics conventionally starts out with the well-entrenched displacement formulation embodied in the Navier equation, the time has come to define an alternative approach in terms of the stress field, as expressed by a single tensorial equation, the Ignaczak equation. The principal advantages and features include:
The stress language proves useful not only to provide a new interpretation of the results obtained by the displacement method but also to obtain new results whose determination using the displacement language would be awkward, unwieldy, or simply impossible. The possibility of solving the natural traction initial-boundary value problems of linear and nonlinear elastodynamics. A plane stress wave can be decomposed into ''normal'' and ''tangential'' parts with respect to the wave front in such a way that: (i) both parts can propagate with the same velocity, (ii) the stress energy of the wave is represented by a positive difference between ''normal'' and ''tangential'' stress energies, and (iii) a pure ''tangential'' stress wave cannot propagate. The classification is consistent with and complementary to that of the displacement progressive waves, at least for the homogeneous isotropic and transversely isotropic elastic media, and provides a number of new properties of the plane progressive waves in a general anisotropic homogeneous elastic body. The results on the stress progressive and acceleration waves have not been obtained by the displacement method and, in this sense, they are complementary to and shed a different light on linear elastodynamics. Saint-Venant's principle of elastodynamics has been formulated in a natural stress language for the first time. Stress characterization of elastodynamics for an inhomogeneous, transversely isotropic half-space, accommodating 18 types of surface stress wave problems corresponding to 18 suitably oriented half-spaces made of transversely isotropic functionally graded materials along with their depth and subject to plane strain conditions. Interaction of surface stress waves with body waves in the Lamb's problem. Formulation of the body force analogy in the framework of stress equations of non-isothermal elastodynamics.
Extensions of the stress formulation of isothermal elastodynamics have been developed for: (i) coupled dynamic thermoelasticity, (ii) generalized dynamic thermoelasticity, (iii) micropolar dynamic thermoelasticity, (iv) dynamics of a fluid-saturated porous elastic solid, and (v) dynamics of an inhomogeneous transversely isotropic piezoelectro-elastic medium. The stress language has also found its way to characterize: (vi) waves propagating in an elastic body with continuously distributed defects, (vii) elastodynamics of a homogenized body, as well as (viii) nonlinear elastodynamics.
Overall, a stepping-stone has been made for further extensions involving even more complex coupled/ interacting fields such as, say, biomechanical, electromagneto-elastic, or fractional calculus models.
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